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2 ALEXANDER VERBOVETSKY
1. Motivation. In [13] J. Wess and B. Zumino constructed a broad family of
quantum deformations of the algebra of scalar differential operators on the affine
space. If the deformation parameter q is generic, this algebra has the same di-
mension as in non-deformed case; if q is a root of unity, then the dimension of
deformed algebra is less than that of non-deformed algebra. However, this does
not quite agree with the intuition gained in the classical theory of differential op-
erators. In fact, due to the analogy between quantum case at roots of unity and
the classical case in positive characteristic, one should expect the appearance of
differential operators that are not compositions of operators of order 6 1, whereas
the dimension of the whole algebra must be the same as in non-deformed case.
In this short paper it is shown that this intuition is a true one: we quantize the
standard algebraic definition of differential operator [. . . [[D, f0] , f1] . . . , fk] = 0 by
replacing the usual commutators by twisted ones and obtain the algebra of differ-
ential operators that has the classical dimension for any q and coincides with the
Wess-Zumino algebra at generic parameter values. A detailed description of this
algebra is presented. Note also that having such quantum differential operators
one can construct quantum jets, de Rham and Spencer complexes, integral forms,
Euler operator, and so on, following the same logic as in non-deformed case (see
[9, 10, 12, 11, 7]). A realization of this program has been started in [8].
2. Here we recall some standard facts about quantum affine spaces. We refer to
[6, 2, 1, 4] for further details.
Let k be a commutative ground ring with unity. Consider a free k-module V
and a non-degenerate linear operator R̂ : V ⊗ V → V ⊗V . Throughout this paper
we assume that the operator R̂ satisfies the Yang-Baxter equation
R̂12R̂23R̂12 = R̂23R̂12R̂23
(here R̂12 = R̂ ⊗ 1, R̂23 = 1⊗ R̂) and the Hecke condition
R̂2 =
(
q − q−1
)
R̂+ 1
for some invertible element q of k.
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Basic example ([3]). Let {ξ1, . . . , ξn} be a basis of V and {x
1, . . . , xn} be the
dual basis of V ∗. Let ‖R̂ijkl‖ be the matrix of R̂ in this basis. Choose an invertible
q ∈ k and put
R̂
ij
kl = δ
i
lδ
j
k
(
1 + (q − 1) δij
)
+
(
q − q−1
)
δikδ
j
l θ (j − i) , (1)
where θ (i) =
{
1, for i > 0
0, for i 6 0.
The algebra A of a quantum affine space is defined as the quotient algebra of the
tensor algebra T (V ∗) by the ideal generated by the image of q − R̂∗ : V ∗ ⊗ V ∗ →
V ∗ ⊗ V ∗. In coordinates, A is generated by x1, . . . , xn subject to the relations
R̂
ij
αβx
αxβ = qxixj
(we assume summation over repeated indices which occur in both upper and lower
positions).
Example. Assume that R̂ is given by (1). Then A is generated by x1, . . . , xn
modulo the following relations:
xixj = qxjxi, i < j.
Consider the matrix algebra M defined as the quotient of the tensor algebra
T (End (V ⊗ V )) by the ideal generated by the elements R̂F − FR̂, where F ∈
End (V ⊗ V ). The algebraM is generated by tij , 1 6 i, j 6 n, obeying the relations
R̂
ij
αβt
α
k t
β
l = t
i
αt
j
βR̂
αβ
kl .
There is a natural bialgebra structure on M , with the comultiplication given by
∆tij = t
i
α⊗ t
α
j and the counit εt
i
j = δ
i
j . One obtains a matrix quantum group H by
taking the Hopf envelop of M , that is an initial object in a category of bialgebra
morphisms M → C, with C being a Hopf algebra (see [5]).
The algebra A is a (right) comodule-algebra over H, with the coaction given by
∆
(
xi
)
= xα ⊗ t˜iα,
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where the tilde stands for the antipode.
Remark. The antipode was inserted here to make this transformation right coac-
tion.
We shall assume that the Hopf envelop H of the matrix bialgebra is endowed
with a cobraided structure, i.e., that there exists a non-degenerate bilinear form
〈· , ·〉 on H satisfying the conditions:
〈h, h1h2〉 = 〈hi, h2〉
〈
hi, h1
〉
〈h1h2, h〉 = 〈h1, hi〉
〈
h2, h
i
〉
gjhi
〈
hi, gj
〉
= 〈hi, gj〉 h
igj
for all h, h1, h2, g ∈ H and ∆h = hi ⊗ h
i, ∆g = gj ⊗ g
j . On the generators this
form will be given by 〈
tij , t
k
l
〉
= q(R̂−1)kijl .
It is well-known that such a structure does exist in all examples one is likely to
encounter, provided H was constructed in an appropriate category.
Having this form we can introduce a (left)H-module structure on the algebra A:
h · f = fi
〈
h, hi
〉
,
where h ∈ H, f ∈ A, ∆f = fi ⊗ h
i. In coordinates we have
tijx
k = Cikαjx
α, tij · 1 = δ
i
j ,
t˜ijx
k = q(R̂−1)kijαx
α,
˜˜tijx
k = q−1R̂ikαjx
α,
where the matrix C is defined by Ciαjβ(R̂
−1)kβlα = q
−1δilδ
k
j . Note that this makes A
a crossed H-bimodule.
Lemma. For any f ∈ A we have
xif =
(
˜˜tiαf
)
xα
fxi = xα
(
t˜iαf
)
.
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Proof. We prove the first relation, the second can be proved in the same way. For
f = 1 the relation is obvious. Suppose inductively that it is true for all f such
that deg f < m. Take f = xjg with deg g < m. Then we get
(
˜˜tiαf
)
xα =
(
˜˜tiβx
j
)(
˜˜tβαg
)
xα =
(
˜˜tiβx
j
)
xβg = q−1R̂ijαβx
αxβg = xixjg = xif.
Therefore the relation holds true for anyf of degree m. 
Having an H-module structure on A we can define an H-module structure on
Homk (A,A) by the formula:
(
tijD
)
(f) = tiα
(
D
(
t˜αj f
))
, D ∈ Homk (A,A) .
Notice that Homk (A,A) is a module-algebra over H:
(
tij (D1 ◦D2)
)
= tiαD1D2t˜
α
j = t
i
βD1 t˜
β
ε t
ε
αD2t
α
j =
(
tiεD1
)
◦
(
tεjD2
)
.
3. Now we define quantum algebra of (scalar) differential operators. For any k-
linear mapping D : A → A and for all k > 0, 1 6 i 6 n, define the mappings[
D, xi
]
k
: A→ A by the formula:
[
D, xi
]
k
(f) = D
(
xif
)
− q2kxα
(
t˜iαD
)
(f) .
The set of differential operators Diffk (A) of order 6 k can be defined by the
following inductive procedure: Diff0 (A) = {D ∈ Homk (A,A) |
[
D, xi
]
0
= 0 ∀i}.
In general, Diffk+1 (A) = {D ∈ Homk (A,A) |
[
D, xi
]
k+1
∈ Diffk (A) ∀i}.
Proposition. (1) If D ∈ Diffk (A) then h ·D ∈ Diffk (A) ∀h ∈ H.
(2) If D1 ∈ Diffk (A) and D2 ∈ Diffl (A), then D1 ◦D2 ∈ Diffk+l (A).
Proof. (1) It is sufficient to prove that
t
j
l
[
D, xi
]
k
= Cαiβl
[
tjαD, x
β
]
k
.
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We have
t
j
l
[
D, xi
]
k
=
(
tjαD
) (
tαl x
i
)
− q2k
(
t
j
βx
α
)(
t
β
l t˜
i
αD
)
= Cαiβl
(
tjαD
)
xβ − q2kCjαεβ x
ε
(
t
β
l t˜
i
αD
)
= Cαiβl
(
tjαD
)
xβ − q2kCαiβl x
ε
(
t˜βε t
j
αD
)
= Cαiβl
[
tjαD, x
β
]
k
.
(2)
[
D1 ◦D2, x
i
]
k+l
= D1D2x
i − q2lD1x
α
(
t˜iαD2
)
+ q2lD1x
α
(
t˜iαD2
)
− q2k+2lxβ
(
t˜αβD1
) (
t˜iαD2
)
= D1 ◦
[
D2, x
i
]
l
+ q2l [D1, x
α]k ◦ t˜
i
αD2
This implies the statement in a standard way. 
This Proposition has the following:
Corollary. (1) There exists an A-bimodule structure on Diffk (A) :
a ·D = a ◦D, D · a = D ◦ a.
(2) For any k < l we have Diffk (A) ⊂ Diffl (A).
We denote Diff (A) =
⋃
k>0Diffk (A).
4. Now we give a detailed description of the modules Diffk (A). We shall as-
sume that the space V ∗ has an ordered basis x1, . . . , xn such that the monomials(
x1
)i1
. . . (xn)
in form a basis of A and R̂ijkl = 0 if i > j and either k > l or k > i.
Clearly, any differential operator D ∈ Diffk (A) is completely determined by its
values on the basic monomials of degree 6 k. The following theorem states that
these values can be taken in an arbitrary way.
Theorem. The A-module Diffk (A) has a basis 1, ∂σ, |σ| 6 k, where σ = j1 . . . jr,
1 6 jl 6 jl+1 6 n, is a multi-index, |σ| = r, and the operator ∂σ is equal to 1 at
xj1 . . . xjr and vanishes on the other monomials of degree 6 k.
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Proof. We have to show that the defining relations
[
· · ·
[
D, xik
]
k
· · ·xi0
]
0
= 0 with
il+1 6 il will be sufficient for D ∈ Diffk (A). For this we verify that[[
D, xi
]
l+1
, xj
]
l
= q−1R̂ijαβ
[
[D, xα]l+1 , x
β
]
l
.
We have[[
D, xi
]
l+1
, xj
]
l
= Dxixj − q2l+2xα
(
t˜iαD
)
xj − q2lxα
(
t˜γαD
) (
t˜jγx
i
)
+ q4l+2xα
(
t˜γαx
ε
) (
t˜jγ t˜
i
εD
)
= Dxixj − q2l+1
(
qδiγδ
j
ε + (R̂
−1)ijγε
) (
xα
(
t˜γαD
)
xε
)
+ q4l+2xεxγ
(
t˜jγ t˜
i
εD
)
= q−1R̂ijαβDx
αxβ − q2lR̂ijαβ
(
qδαγ δ
β
ε + (R̂
−1)αβγε
) (
xκ
(
t˜γ
κ
D
)
xε
)
+ q4l+1R̂ijαβx
εxγ
(
t˜βγ t˜
α
εD
)
= q−1R̂ijαβ
[
[D, xα]l+1 , x
β
]
l
. 
5. We can define a (right) H-comodule structure on Diffk (A) by the following
property:
h ·D = Di
〈
h, hi
〉
,
where h ∈ H, D ∈ Diffk (A), ∆D = Di ⊗ h
i. In particular, for the operators ∂i
this yields:
∆∂i = ∂α ⊗ t
α
i .
This structure makes Diff (A) an H-comodule-algebra:
h · (D1 ◦D2) = (hiD1)
(
hiD2
)
= (D1)k (D2)l
〈
hi, g
k
1
〉 〈
hi, gl2
〉
= (D1)k (D2)l
〈
h, gl2g
k
1
〉
,
so that
∆ (D1 ◦D2) = (D1)k ◦ (D2)l ⊗ g
l
2g
k
1 ,
where ∆h = hi ⊗ h
i, ∆Dr = (Dr)k ⊗ g
k
r , r = 1, 2.
Proposition (Covariance of differential operators). For any D ∈ Diffk (A)
and f ∈ A
∆(D (f)) = ∆ (D) (∆ (f)) ,
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where the action in right-hand side is given by (∇⊗ h1) (a⊗ h2) = ∇ (a)⊗ h2h1,
∇ ∈ Diffk (A), a ∈ A, h1, h2 ∈ H.
Proof. For f of degree zero the statement is trivial. Suppose inductively that it is
true for deg f 6 m and take an element f of degree m. We get
∆
(
D
(
xif
))
= ∆
((
Dxi
)
(f)
)
= ∆
(
Dxi
)
(∆ (f)) = ∆ (D)∆
(
xi
)
∆(f)
= ∆ (D)
(
∆
(
xif
))
. 
6. Consider the first order operators ∂i. It follows easily from the very definition
that they satisfy the Wess-Zumino Leibnitz rule:
∂ix
j = δji + qR̂
jβ
iαx
α∂β .
Further, one has the following commutation relations between ∂i:
R̂
βα
ji ∂α∂β = q∂i∂j .
Indeed, it is obvious that the second order operator R̂βαji ∂α∂β − q∂i∂j vanishes on
the monomials of degree 0 and 1. For the degree 2 we have:(
R̂
βα
ji ∂α∂β − q∂i∂j
) (
xkxl
)
= R̂klji + qR̂
βα
ji R̂
kl
βα − qδ
l
iδ
k
j − q
2R̂klji
= q(R̂2 −
(
q − q−1
)
R̂− 1)klji = 0.
Definition ([2]). The quantum Weyl algebra D is the algebra with 2n generators
x1, . . . , xn, ∂1, . . . , ∂n satisfying the following commutation relations:
R̂
ij
αβx
αxβ = qxixj ,
R̂
βα
ji ∂α∂β = q∂i∂j ,
∂ix
j = δji + qR̂
jβ
iαx
α∂β .
From the previous discussion it follows that there exists an algebra morphism
w : D → Diff (A) such that w
(
xi
)
= xi, w (∂j) = ∂j . The image of w consists of
differential operators that are compositions of operators of order 6 1. One can
also show that cokerw is exactly the zero Spencer cohomology of the algebra A
(see [12]). For the matrix R̂ of the form (1) from the above-stated Theorem and
a result of E. Demidov [2, Corollary 12.6] it follows the following:
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Proposition. If q2 is not a root of unity, or q2 = 1 and char k = 0, then w : D →
Diff (A) is an isomorphism, and if q2 is a primitive root of unity of degree ℓ, then
the kernel of w is generated by ∂ℓ1, . . . , ∂
ℓ
n.
Thus, in the root of unity case there exist operators that can not be presented
as a composition of operators of order 6 1.
Example. Consider the operators Dj = ∂j . . . j︸ ︷︷ ︸
ℓ times
. It is easy to see that ∂i
((
xj
)ℓ)
= 0 ∀i. Hence Dj is not a composition of operators of order 6 1. In fact, any
operator is a composition of Dj and operators of order 6 1.
Acknowledgments. The author is grateful to the Italian Ministero degli Afari
Esteri for the financial support and to the SISSA for the excellent working condi-
tions.
References
1. V. Chari and A. Pressley, A guide to quantum groups, Cambridge University Press, Cam-
brige, 1994.
2. E. E. Demidov, Some aspects of the theory of quantum groups, Uspekhi Mat. Nauk 48 (1993),
no. 6, 39–74 (Russian); English transl. in Russian Math. Surveys 48 (1993), no. 6, 41–79.
3. M. Jimbo, A q-analog of U (gl (N + 1)), Hecke algebra and the Yang-Baxter equation, Lett.
Math. Phys. 11 (1986), 247–252.
4. C. Kassel, Quantum groups, Springer-Verlag, New-York, 1995.
5. Yu. I. Manin, Quantum groups and non-commutative geometry, Lecture notes, CRM, Uni-
versite´ de Montre´al, 1989.
6. N. Yu. Reshetikhin, L. A. Takhtajan, and L. D. Faddeev, Quantization of Lie groups and Lie
algebras, Algebra i Analiz 1 (1990), 178–206 (Russian); English transl. in Leningrad Math.
J. 1 (1990), 193–225.
7. A. M. Verbovetsky, Lagrangian formalism over graded algebras, J. Geom. Phys. (to appear);
Preprint SISSA 93/94/FM; hep-th/9407037.
8. A. M. Verbovetsky, Differential operators on quantum spaces; in preparation.
9. A. M. Vinogradov, The logic algebra for the theory of linear differential operators, Dokl.
Akad. Nauk SSSR 205 (1972), 1025–1028 (Russian); English transl. in Soviet Math. Dokl.
13 (1972), 1058–1062.
10 ALEXANDER VERBOVETSKY
10. A. M. Vinogradov, On the algebro-geometric foundations of Lagrangian field theory, Dokl.
Akad. Nauk SSSR 236 (1977), 284–287 (Russian); English transl. in Soviet Math. Dokl. 18
(1977), 1200–1204.
11. A. M. Vinogradov, The C-spectral sequence, Lagrangian formalism, and conservation laws,
J. Math. Anal. Appl. 100 (1984), 1–129; I. The linear theory.
12. A. M. Vinogradov, I. S. Krasil′shchik, and V. V. Lychagin, Introduction to the geometry of
nonlinear differential equations, Nauka, Moscow, 1986 (Russian); English transl., Geometry
of jet spaces and nonlinear partial differential equations, Gordon and Breach, New York,
1986.
13. J. Wess and B. Zumino, Covariant differential calculus on the quantum hyperplane, Nucl.
Phys. B Proc. Suppl. 18B (1990), 302–312.
S.I.S.S.A., Via Beirut 2-4, 34013 Trieste, Italy
E-mail address: verbovet@sissa.it
